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Abstract
The massive SU(2) gauge field theory coupled with fermions is considered in 2 + 1
dimensions. Quark energy spectrum and radiative shift in constant external nonabelian
field, being exact solution of the gauge field equations with the Chern-Simons term, are
calculated. Under the condition m = θ/4 the quark state is shown to be supersymmetric.
∗E-mail addresses: th180@phys.msu.su and peskov nick@mail.ru.
Gauge theory models in (2+1)-space-time are useful in developing ideas for four-dimensional
models, such as their high temprature behavior, boundaries of the spatial region occupied by
gauge field etc. In this paper, we discuss topologically massive SU(2) gauge theory coupled
with fermions and compute one-loop correction to quark energy.
The total Lagrangian of three-dimensional topologically massive SU(2)-gluodynamics of
potentials Aµ ≡ τaAaµ/2, where τa are Pauli matrices in color space, and quarks is described
as follows [1]
L = −1
4
FaµνFaµν −
θ
4
εµνα
(
FaµνAaα −
g
3
εabcAaµAbνAcα
)
− 1
2ξ
(
∇abµ ab µ
)2
+ ψ(Dµγ
µ −m)ψ, (1)
where µ, ν = 0, 1, 2; a = 1, 2, 3, the color field tensor is given by Faµν = ∂µAaν−∂νAaµ+gεabcAbµAcν .
The total gauge field Aaµ is represented as the sum of the classical background field and
quantum fluctuations aaµ, i.e.
Aaµ = Aaµ + aaµ,
so that ∇abµ = δab∂µ+gεabcAcµ is the background covariant derivative and Dabµ = δab∂µ+gεabcAcµ
is the total covariant derivative. The third term in (1) is the gauge-fixing term. The coefficient
θ in front of the second term in (1) (Chern-Simons term) is the Chern-Simons (CS) mass of
the gauge field. We use the following representation for the γ-matrices in 2 + 1 dimensions:
γ0 = σ3, γ1,2 = iσ1,2, with σi as Pauli matrices. The γ-matrices obey the following relation:
γµγν = gµν − iεµναγα.
It was shown in [2] that the classical constant nonabelian potentials
Aa µ =
θ
2g
δaµχ
(a)
λω , (2)
with normalized constant vector χ
(a)
λω = (λi, λωi, ω) satisfy the field equations with the Chern-
Simons term without external currents. In (2) λ = ±1 and ω = ±1 take its values inde-
pendently. The Kronecker delta δaµ in (2) implies that directions 1, 2, 3 in the color space
correspond to directions 1, 2, 0 in the Minkowski 2 + 1 space-time, respectively. In what fol-
lows, like in [2], where corrections to the gluon energy were considered, these solutions are
chosen as the background.
Considering the one-loop corrections, it is sufficient to retain only the terms in the La-
grangian (1) quadratic in the quantum fields. They determine the quark energy spectrum in
the gauge field (2)
ε21 = p
2 +m2eff 1, ε
2
2 = p
2 +m2eff 2,
where
m2eff 1 = (m− θ˜)2, m2eff 2 = (m− θ˜)(m+ 3θ˜) (3)
and θ˜ = θ/4. These branches of the energy spectrum correspond to the plane-wave solutions
ψs(x) = exp(−iεst+ i ~px)Ψs, with s = 1, 2, and Ψs as constant spinors, of the Dirac equation
[γµ(pµ + gAµ)−m]ψ = 0,
and are related to two opposite projections of the particle color spin operator [2]
J = Jaτa/2 = θ˜−1gAµpµ − ωγ0τ 3(pµγµ + θ˜ −m), (4)
1
defined as eigenvalues of the equation
JΨs = (−1)s(θ˜ −m)Ψs.
We note, that the r.h.s. of the last equation vanishes, when m = θ˜. In this special case, the
quark effective masses in this gauge field (3) are also equal to zero, and the two branches of the
energy spectrum coincide. For values of the mass lying in the interval −θ˜−2|θ˜| < m < −θ˜+2|θ˜|,
the energy squared, ε22, becomes negative for certain values of the quark momentum p, and
tachyonic modes arise in the quark spectrum. Moreover, it appears that Ψ1 = Ψ2 under this
condition.
We now consider the one-loop radiative shift of the quark energy. According to [3], the quark
energy radiative correction ∆ε is obtained by averaging the mass operator over the quark state
in the external field Aµ, specified by equation (2). The one-loop radiative correction to the
quark energy is given by formula
∆ε = − i
T
∫ ∫
d3xd3x′ ψ¯k(x)Mkl(x, x
′)ψl(x
′),
where
iMkl(x, y) = −ig2γµ(τa/2)knSnm(x, y)γν(τ b/2)mlDabµν(x, y)
is the one-loop mass operator. The expression for ∆ε has to be applied with due regard to
the fact that the quark Hamiltonian in the background (2) becomes non-Hermitian. In the
momentum representation we have
∆ε = Ψ¯k(p)iMkl(p)Ψl(p),
iMkl(p) = ig
2γµ(τa/2)kn
∫
d3k Snm(p− k)γν(τ b/2)mlDabµν(k).
In order to calculate the quark mass operator in the external field the quark and gluon propa-
gators have to be found. The quark Green’s function satisfies the equation
[γµ(i∂µ + gAµ)−m]S(x, y) = δ(x− y).
In the background gauge field Aµ considered above, the quark Green’s function in the momen-
tum representation has the form
S(p) = [(p2 −m2eff 1)(p2 −m2eff 2)]−1
{
(p2 − (m− θ˜)2)[γµ(pµ + gAµ) +m]−
2(γµpµ +m− θ˜)[gAνpν + θ˜(m− θ˜)]
}
,
with the quark effective masses meff 1 and meff 2 defined above.
The gluon propagator in the external field in the gauge ξ = 1 takes the form
Dabµν = δ
abgµν
[
1
2E +
E
2α
]
− 4g
2
θ2
AaµA
b
ν
[
1
3E −
E
3β
]
+
4g2
θ2
AaνA
b
µ
[
1
2E −
E
2α
]
+
16g2E
θ2αβ
F aµαF
b
νβp
αpβ +
8ig2
θ2β
(F aµαA
b
ν − F bναAaµ)pα +
16ig2
θ3α
εαβγF aµαF
b
νβpγ,
2
where we used the notations E = p2 + 1
2
θ2, α = E2 − 4θ2p2 and β = E2 − 6θ2p2.
In the case of an arbitrary quark mass value m 6= θ˜, the quark has two different color states.
It is interesting to consider the special case, when m = θ˜, and, as it has been mentioned above,
the quark effective masses vanish. We remind that under this condition, meff 1 = meff 2 = 0,
only one quark state survives. The corresponding plane wave solution of the Dirac equation
ψ(x) = (2π)−1 exp(−iεt + i ~px)Ψ(p) is determined by the constant spinor
Ψ(p) =
1
8


[λ(κ− 1) + (κ + 1)][(ω + 1)eiφ + (ω − 1)]
−[λ(κ− 1)− (κ + 1)][(ω − 1)e−iφ + (ω + 1)]
[λ(κ+ 1)− (κ− 1)][(ω − 1)eiφ + (ω + 1)]
[λ(κ+ 1) + (κ− 1)][(ω + 1)e−iφ + (ω − 1)]


.
It should be emphasized that in this formula the quark momentum p is assumed to be nonzero.
Here κ = ±1 is the sign of the energy (ε ≡ p0 = κ|p|) and the phase φ is defined by the relation
p2 ± ip1 = |p|e±iφ. We used representation for the Dirac operator and the Hamiltonian, where
γ-matrices are inserted into isospin color Pauli matrices τa. It should be also emphasized that,
since the fermion Hamiltonian is non-Hermitian, it provides only one solution of the Dirac
equation for one value of the energy sign.
After integration over intermediate momentum k the mass operator is expressed in the form
iM(p) = ig2
π2
√
2
|θ|
[
−b1θ + 5
9
(
2
θ
gAµ +
1
2
γµ
)
pµ − gAµγν(b2 gµν − b3 θ−2pµpν)
]
,
where
b1 =
5
6
− i
12
(3
√
2 + 4
√
3),
b2 =
10
9
+
i
9
(8
√
3 + 9
√
2),
b3 =
4
45
− 4
√
3i
15
.
Now we can find the one-loop radiative correction to the quark energy in the external field,
which turns out to be vanishing in this particular state:
∆ε =
5π2
√
2
18
ig2|θ|−1
(
p0 − κ
√
(p1)2 + (p2)2
)
≡ 0.
It should be emphasized that this result is valid only for finite values of the quark momenta
p = (p1, p2). For the case of vanishing p, a special consideration is needed.
The fact that a fermion remains effectively massless even in the one-loop approximation
signals the presence of a certain symmetry of the problem in question. In fact, the results
obtained demonstrate the supersymmetry property of the state considered.
As is well known (see, e.g., [4]), the minimal representation of SUSYQ (SUSY Quantum
Mechanics) is provided with the supercharges Q1, Q2 and the Hamiltonian HS:
HS = Q
2
1 = Q
2
2, [HS, Qi] = 0, {Qi, Qj} = 2δijHS, i, j = 1, 2.
3
The quark Hamiltonian in the external field (2) can be written in the form
H = ip1γ2 − ip2γ1 + θ˜(γ0 − ωτ 3)− λθ˜(τ 1γ2 − ωτ 2γ1).
The SUSYQ Hamiltonian HS = H
2 is found to be
HS = p
2 + 2θ˜[iλ(p1τ 1 + ωp2τ 2)− iωτ 3(p1γ2 − p2γ1)].
It is interesting to note that HS can be written in the form
HS = p
2 − 2θ˜J,
where J is the operator defined in (4). Under the condition m = θ˜ we have J2 = 0. The
supercharges, corresponding to the above Hamiltonian HS, can be found:
Q1 =
[√
2γ0 − iλωθ˜|p|
]
(p1γ1 + p2γ2)− ωθ˜|p|γ
0τ 3(ωp1τ 1 + p2τ 2)+
1
|p|(p
1γ1 + p2γ2)(ωp1τ 1 + p2τ 2),
Q2 =
[
iω
√
2
|p| +
λθ˜
p2
γ0
]
(p1γ1 + p2γ2)(ωp1τ 1 + p2τ 2) + iθ˜τ 3 + iωγ0(p1γ1 + p2γ2).
It is interesting to consider the quark ground state, when its momentum is equal to zero.
Solution of the Dirac equation is easy to find in this case. It has the form
Ψ(p = 0) =
c1√
2


ω + 1
ω − 1
0
0

+ c2√2


0
0
ω − 1
ω + 1

+ c3√8


ω − 1
ω + 1
λ(ω + 1)
λ(ω − 1)

 , (5)
where constants ci are arbitrary up to a normalization condition.
In order to demonstrate the supersymmetry property of the Dirac equation Dψ = 0, where
D = γµ(pµ + gAµ)−m
is the Dirac operator, we consider its zero-mode solutions with p0 = 0 under the condition
m = θ/4 and with vanishing fermion mass in virtue of the condition gA0γ0ψ = mψ, which
means σ3τ 3ψ = ωψ. In this case the Dirac equation takes the form
−(γ1∇1 + γ2∇2)ψ0 = 0.
Then we introduce combinations
b± = (2i)−1(γ1 ± iγ2),
which play the role of fermionic anticommuting operators (creation and annihilation operators).
The Dirac operator has the form
D = Q+ +Q−,
4
where Q+ = 2b
+∇u, Q− = 2b−∇¯u while ∇u = ∂u − igAu, ∇¯u = ∂¯u − igA¯u, and here ∂u =
1
2
(∂1 − i∂2), ∂¯u = 12(∂1 + i∂2), etc. The standard SUSY hamiltonian has the form
HS = (D
2) = {Q+, Q−}, Q2± = 0, [HS, Q±] = 0.
We set ψ0 = ψτψs, where ψτ describes the color (boson) state and ψs specifies the spin
(fermion) state. For the ground (zero-mode) state we have: HSψ = 0. This means
Q+ψ0 = 0, Q−ψ0 = 0.
Consider Q+ψ0 = 0, or b
+Duψ0 = 0. Let ψs = |0〉s, then b+ψs = |1〉s and then Duψτ = 0 (|0〉
and |1〉 are fermionic states). For ∂1,2ψ0 = 0 we have
(τ 1 − iωτ 2)ψτ = 0.
Then if ω = +1, we recall that τ 3σ3 = ω = +1, and for σ3ψs = −ψs, we have τ 3ψτ = −ψτ and
(τ1 − iτ2)ψτ = 0. Hence ψτ = |0〉τ . Excited solutions are constructed in a standard way. Now
it is clear that the first two terms in (5) describe the states with the SUSY property.
One of the authors (N.A.P.) gratefully acknowledges the hospitality of Prof. Mu¨ller-Preußker,
Prof. Ebert and their colleagues at the particle theory group of the Institut fu¨r Theoretische
Physik, Humboldt Universita¨t zu Berlin extended to him during his stay there.
References
[1] Deser S., Jackiw R., Templeton S. Ann. Phys. (N.Y.) 1982. Vol. 140. p. 372.
[2] Zhukovsky V.Ch., Peskov N.A. hep-th/9812221, v.2.
[3] Bogoliubov N.N., Shirkov D.V. Introduction to the Theory of Quantized Fields, New York:
Wiley, 1980. Akhiezer A.I., Berestetskii V.B. Quantum Electrodynamics, New York: Wi-
ley, 1965.
[4] Ternov I.M., Zhukovsky V.Ch., Borisov A.V. Kvantovye processy v silnom vneshnem pole
(Quantum Processes in Strong External Field), Moscow: Moscow University Press, 1989,
[in Russian].
5
